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Abstract In this paper, we generalize Chen-Tian energy functionals to Kahler-Ricci solitons 
and prove that the properness of these functionals is equivalent to the existence of Kahler-Ricci 
solitons. We also discuss the equivalence of the lower boundedness of these functionals and 
their relation with Tian-Zhu's holomorphic invariant. 

1 Introduction 

In fl6|, a series of energy functionals E k (k = 0,1, ■■ ■ ,n) were introduced by X.X. Chen and G. 
Tian which were used to prove the convergence of the Kahler Ricci flow under some curvature 
assumptions. The first energy functional E of this series is exactly the A'-energy introduced 
by Mabuchi in |[T2l . which can be defined for any Kahler potential cp(t) on a Kahler manifold 
(M,u) as follows: 

Here R v is the scalar curvature with respect to the Kahler metric u> v = cu + y/^lddtp, r = 
^x)pr — is the average of R v and V = [u} n is the volume. 

It is well-known that the behavior of the A'-energy plays a central role on the existence of 
Kahler-Einstein metrics and constant scalar curvature metrics. In [Qj, Bando-Mabuchi proved 
that the A'-energy is bounded from below on a Kahler-Einstein manifold with c\ (M) > 0. It has 
been shown by G. Tian in |fT71lfT8l that M admits a Kahler-Einstein metric if and only if the K- 
energy or F functional defined by Ding-Tian [51 is proper. Thus, it is natural to study the relation 
between E k functionals and Kahler-Einstein metrics. Following a question posed by Chen in J3), 
Song-Weinkove studied the lower bound of energy functionals E k on Kahler-Einstein manifolds. 
Shortly afterwards, N. Pali |[T3l gave a formula between E 1 and the A-energy E , which implies 
Ei has a lower bound if the A'-energy is bounded from below. Inspired by Song-Weinkove and 
Pali's work, we proved that the lower boundedness of F functional, the A'-energy and E\ are 
equivalent in the canonical Kahler class in ll5ll lfT0ll . and we proved a general formula which gives 
the relations of all energy functionals E k in In Ifl4ll Y. Rubinstein extended these results and 
proved all the lower boundedness and properness of E k functionals are equivalent under some 
natural restrictions. 
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For the case of Kahler-Ricci solitons, Tian-Zhu generalized the K -energy and F fucntional 
in |[T9ll and proved that these generalized energy are bounded from below on a Kahler manifold 
which admits a Kahler-Ricci soliton. In [2] Cao-Tian-Zhu proved the properness of the gen- 
eralized energy functionals. Inspired by these work, we will define the generalized Chen-Tian 
energy functionals E k in Section 2 and prove the following result: 

Theorem 1.1. Let (M, oS) be a compact Kahler manifold with c±(M) > and ui G 2nci(M). 
For any k G {0, 1, • • • , n} we have 

(a) If Ek is proper on A4\ k (uj), then M admits a Kahler-Ricci soliton with respect to X; 

(b) If M admits a Kahler-Ricci soliton u)ks> then E k is proper on M.g^ks)' H M x k( u Ks)- 

where M. Xk {uiKs) and A4g(^ksY are some subspaces of Kahler potentials defined in Section 
2. 



The idea of the proof is more or less standard. We follow the continuity method from |[14|| 
and to prove this. The crucial point is that by the construction of the generalized energy 
functionals E k , all the arguments for the Kahler-Einstein case work very well for our situation. 
Following the results in [51 and [[Toll we discuss the lower bound of these energy functionals: 



Theorem 1.2. Let (M, u) be a compact Kahler manifold with C\{M) > and u G 2nci(M). 
Then for any k G {0, 1, • • • , n}, E k is bounded from below on M. Xk {oj) if and only if F is 
bounded from below on Aixi 1 ^)- Moreover, we have 

inf E k ^') = {k + l) inf F u (u') + C u>X)k -^-± [ u e dx u n , (1.1) 

where uo = — + 9x and C^,x.k is given by 

C u , x , k = I X ) \ f M V^duo A du A (V^ldduof- 1 A e 0x u n ~ k . (1.2) 

Here we take the ideas from (8]| to prove Theorem 1 1.21 For the energy functionals E k , there 
are two different ways to prove their equivalence. In fl5l we use the Kahler-Ricci flow to prove 
the equivalence of the lower boundedness of the K energy and E\ energy, and in IfTOll we use 
Perelman's estimates to prove the equivalence of the K energy and F functional. The flow 
method is very tricky and we lack some crucial estimates here. In |[T4l Y. Rubinstein proved that 
the equivalence of the lower boundedness of the energy functionals E k and F, which relies on 
an interesting observation on the relation of E n and F(cf. Lemma 2.4 in IfPfl ). Here it seems 
difficult to find such a relation in the case of generalized energy functionals. Fortunately, we can 
use the continuity method in [[Sj to overcome these difficulties. 

As a by-product of Theorem 1 1.2[ we have the following result: 
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Theorem 1.3. Let M be a compact Kahler manifold with ci(M) > and 00 be any given Kdhler 
metric in 2nci(M). If F is bounded from below for the solution (f t of the equation 

(u + V^lddip) n = jA--^)-** (1.3) 

then F is bounded from below in the class 2txci{M). Moreover, we have 

inf F u (u') = inf F u ((pt). 

w'G27rci(M) *6[0,1) 

Similar results also hold for E k on M.^ k (u>) with k = 0, 1, ■ ■ • , n. 

This result is inspired by the beautiful work [4]. In [41 X. X. Chen proved that if the A- 
energy is bounded from below and the infimum of the Calabi energy vanishes along a particular 
geodesic ray, then the A' -energy is bounded from below in the Kahler class. As an application, 
he essentially proved that for any Kahler class admits constant scalar curvature metric, the K- 
energy in a nearby Kahler class with possibly different complex structure is bounded from below. 
We remark that under the assumption of Theorem II .31 the solution ip t of (11.31) will exist for all 
t E [0, 1). Theorem II .31 shows that if the A'-energy is bounded along one solution ip t , then the 
A-energy is bounded from below in the whole Kahler class. It is interesting to know whether 
there is a similar phenomenon for the Kahler-Ricci flow: 

Question 1.4. If the A -energy is bounded from below along a certain Kahler-Ricci flow, is the 
A -energy bounded from below in the class 2nci{M) ? 

In |[T9l , Tian-Zhu introduced a new holomorphic invariant Fx{~) from the space of holomor- 
phic vector fields 77 (M) into C: 

Fx{Y)=l Y{h 9 -e x {g))e 9 ^u n g , Y e rj(M). 

J M 

The invariant JFy(-) is defined for any holomorphic vector fields A G rj(M) and it is independent 
of the choice of g with the Kahler class u g E 2ttci(M). When X = 0, J-'x(-) is exactly the 
Futaki invariant. By the definition, we see that Tx is an obstruction to the existence of Kahler- 
Ricci solitons. The next result shows that the holomorphic invariants defined by E k are scalar 
multiples of ^ r x( - )' which generalized the results for energy functionals E k (cf. Ifmi ll9l0. 

Theorem 1.5. Let Y be a holomorphic vector field and {&{t)}\t\<oo the one-parameter subgroup 
of automorphisms induced by Re(Y), we have 

where if is given by = u) + \J — lddip. 

Acknowledgements: The author would like to thank Professor X. X. Chen, W. Y. Ding and 
F. Pacard for their constant, warm encouragements over the past several years. 
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2 Energy functional 

In this section, we recall some energy functionals introduced by Tian-Zhu in [[191 and give the 
definition of the generalized Chen-Tian energy function. 

Let M be an n-dimensional compact Kahler manifold with positive first Chern class, and 
w be a fixed Kahler metric in the Kahler class 2nci{M). Then there is a smooth real- valued 
function such that 

Ric{u) -cu = sf-iddK, [ (e h " - l)co n = 0. 

JM 

Suppose that X is a holomorphic vector field on M so that the integral curve of Kx of the 
imaginary part Im(X) of X consists of isometries of to. By the Hodge decomposition theorem, 
there exists a unique smooth real- valued function 9 X on M such that 

i x oJ = V^ldOx, [ (e 9x - l)u n = 0. 
Jm 

Now we define the space of Kahler potentials which are invariant under Im(X) : 

M x (u) = {tpe C°°(M,R) \lu^ = lu + V^Tddip > 0, Im(X)(cp) = }. 

Tian-Zhu in |fT9l introduced the following functional, which can be regarded as a generalization 
of Mabuchi's K energy, 

E 0> M = ^J J ^ d ^f A 9(h vt - 6xM) A e^cu;; 1 A dt (2.1) 
where ip t (t G [0, 1]) is a path connecting and if in Mx{^>) and 

ex(<Pt) = x + X(<p t ) 

is the potential function of X with respect to the metric . We define the following functionals 

on Aix(u): 

U<f) = h [ <p(e 9 *u n -e e *V>u%), 

v JM 

and 

As before, ip t (t G [0, 1]) is a path connecting and (p'mM.x(u)- Then for any path ip t , we have 

Then, by Lemma 3.1 in (2) there exist two positive constants Ci(n) and c 2 (n) such that 

Ci-LO) < I u {(p) - Ju,((f) < c 2 I ClJ (<p), (2.2) 
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where 

U<P) = hl ^ n ~0- (2-3) 



tpj- 

M 



V 

In |[T9l Tian-Zhu defined the generalized F functional which is defined by Ding-Tian in (8]| as 
follows 

FM = J u (<p) - I? [ W 9x u n - log (I / <h-*tA . (2.4) 

v JM v v JM j 

The generalized F functional has exactly the same behavior as in the Kahler-Einstein case. For 
example, the generalized A'-energy and F functional are related by the identity (cf. lfl9lD 



Eo(tp) = F(tp) + ± [ ue e ^u;-^-[ u Q e e -u n + log (i / e h ^u n ), (2.5) 

V Jm V J M V V JM J 

where u is defined by 



, ,n 



u(<p) = -h v + 6 x (ip) = \og-^ + (p-K + 9 x (<p), (2.6) 



and u = — h u + 6 X - It follows that E is always bigger than F up to a constant: 



E (v) > F(ip) - \- r [ u o e 0x u n . (2.7) 



V 



Now we recall some results in Q. Let A (D K x ) be a maximum compact subgroup of the 
automorphisms group of M such that a ■ rj = r\ ■ a for any r\ £ A and any a £ Ax- If is a 
Kahler-Ricci soliton with respect to the holomorphic vector field X, we define the inner product 
by 

Jm 

and denote by 

Ai(u KS ) = {u e C°° I A* s u + = -u}. 

For any compact subgroup G D Ax of A with a ■ rj = rj ■ a for any 77 £ G and any a £ A^, 
we denote by M. g (ujks)' the space of G-invariant Kahler potentials perpendicular to Ai(u KS )- 
We call a functional F(<p) proper on Aix(^), if there exists an increasing function p : R — > R 
satisfying lim^ +00 = +00 such that for any ip £ Mx{u), F(p) > p(I w (p)), where I w {p) 
is given by (12.31) . 

In |[2l, Cao-Tian-Zhu proved the following result, which is crucial in the proof of Theorem 

o 

Theorem 2.1. (c/ /|2]/) 7/"M admits a Kahler-Ricci soliton, then F is proper on M,g{<^ks)'- 

Inspired by the work in |[T9l and [0, we define the generalized Chen-Tian energy functionals 
Ei. as follows: 
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Definition 2.2. We define the generalized Chen-Tian energy junctionals for any k — 1, 2, • • • , n, 

i=o \ 1 J 



where 



GkM = -77 I V^ldu AduA {V^ldduf' 1 Ae^ W w!-' 



V 
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M 



+^ / y/^ldu Adu A(y/^lddu ) k - 1 Ae 8x u n - k , 
V Jm 

where u = —h v + x (tp) an d u = —h w + 6 X . 

Remark 2.3. For Chen-Tian energy junctionals E k , there are many different expressions as 
in £75]/ and IU4\l . It is interesting how to write the generalized junctionals Ek as similar 
expressions. 

By the definition, it is easy to check that all of E k satisfy the following cocycle condition 

E k>ul (ip) + E k>UJip (i/j -ip) = E ktUJ (ifj), 
for any cp,ijj e M x {uS). Let k — 1, we have the generalized Pali's formula: 

= 2£ (c^) + 1 / v 73 !^ AduA e 8x ^u™- 1 - \- \ V^ldu A Bu A e dx u n ~ x 
' m * Jm 



vj m ' -*> V 

> 2E (<p)-C CJ , x . (2.8) 
Now we define the subspace of Kahler potentials for k = 2, 3, • • • , n 

2 

M% )k (w) = {<p G M x (u) I Ric v - L x u v > -_— (2 - 9) 

and let M x (a>) = M xi (uj) = M x {uS). The definition of (T2~9l is inspired by the result in |[9]|. 
With these notations, we have the result: 

Lemma 2.4. For any 6 M Xk (u)(k > 2), we have 

E k (<p) > (k+l)Eo{<p)-C u jc tk , 

where C WtXtk is given by di.2D . 

Prooj. The argument is the same as in [9] and here we give the details for completeness. By the 
definition of E k , we have 

E k - (k + l)Eo 

r k -i 



-;=o ^ ' 



i=0 



Observe that 

fc-l /, „ N k 



( k + X ) (Ric<P ~ Lxu? - oj^f-' 1 - 1 Aw; = ^ i(Ri Ctp - Lxu^f- 1 A J~ x . (2.10) 



8=0 V 1=1 

For fc > 2, let 



o ^ r) 

'x + — — ) k ~ l 
+ k-l> ' 

i=l i=2 



P(s) = £ = (x + y— j)*" 1 + £ a > 

2=1 

where a, are the constants defined by 



ft; 



By Lemma A.l in the appendix of flU, a>i > 0. Thus, for any ip E .Mj fc (u;) we have 

A: 



1=1 

/ 2 \ ^ — i / 2 \ ^ 

= (ffic^ - + 7 7^ J + £ a « (^<V _ ^X^y? + T 7 

i=2 

Therefore, E k > (k + 1)E + C WtX ,k and the lemma is proved 



ua„ i a ^r 1 > 0. 



□ 



3 Proof of Theorem 1.1 



Suppose that M admits a Kahler-Ricci soliton in the class M. x {w). This implies that F func- 
tional is proper on Mg(^ks)' by Theorem |2. 11 and also E is proper on Mg(^ks)' by (12.71) . 
Thus, Ei is also proper on Mg(^ks)' by (12.81) and so is E k on M. Xk (u>) fl ■Mg^ats')' f° r an y 
k E {2, • • • , n} by Lemma l24l Thus, part (6) of Theorem [Tj] is proved. 
To finish part (a) of Theorem ll.li it suffices to prove: 

Lemma 3.1. If E k is proper on M.\ k [uS) for any k E {2, 3, • • • , n}, then there exists a Kahler- 
Ricci soliton on M. 

Proof. We consider the complex Monge- Ampere equations with parameter t E [0,1] 

There exists a unique solution at t — modulo constants by ETI . and the set of t E [0, 1] 
such that (13.11 ) has a solution is open by the implicit function theorem(cf. [|20l ). Therefore, to 
prove that there is a solution for t = 1, it suffices to prove that I u (<p) is uniformly bounded for 

< t < 1. 
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Note that the solution ip t E M.\ k (u>), since the equation (13.11 ) can be written as 

Ric v — L X (fi = tu} v + (1 — t)uj > 0. 

Since E k is proper on J\A.\ k {u}), there exists an increasing function p : K — > E satisfying 
lim s _> +00 p(s) = +oo such that E k {np{t)) > p(/ w (<^(t))). Now we show that E k is uniformly 
bounded from above for t E [0, 1). In fact, 

d ~ n f , — - a dip 



n f r^ d ^ ABuAe e xMu n K 



'M 

Thus, for the solution ip t (0 < t < r < 1) we have 



VJ M dt * 



n r f i — r,9(p 



E„(fr) - E ( Vo ) = -- I y (1 - A flp A e^^'w;- 1 A dt 



d ,~ 



(1 -«)-(/- J)dt 



= -(l-T)(I-J)(cp T ) + (I-J)(<p )-[ (I-J)dt (3.2) 

./o 

< _ c ( n )(i_ r )/ w (^ T ) + (/_ J)(^ )_ / (I-J)dt, 

Jo 

where we have used the inequality (12.21) . Hence, by the definition of E k we have 

E k (<p T ) = (k+^Eoi^ + Ysi-^- 1 ^^ 1 )^,^) 

i=0 \ ' 

< (k + l)E Q (<p Q ) - c(n)(k + 1)(1 - r)I u (<p T ) + (fc + - j)(<p ) 

-(k + 1) [\l-J)dt + J2(-l) k - i ( k + 1 )G k -UVT). (3.3) 
Jo i=0 V 1 J 

Note that ip T satisfies the equation (13.11) and we have 



uf 1 

U(j) = log + V?r - ^ + Ox(iPi 
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Thus, we have 

fc-i 



E 

i=0 



ik—i 



i 



Gk-i,u(<-PT 



Jm i=0 V % J 



(1-r) 



V 



■ld<p T A dip T A 



M 



fc-i 



i=0 



i 



((i - rjv^ias^)*-'- 1 a uL ) a e«^"-* + c„,„ 



4^ T A <9^ r A ( + (1 " -r)uj) k ~ l A a;- 1 ) A e ^^; fe + C u>x , h 

i=i 



< (l-r) 2 c(7i)/(^ r ) + a,x, fc . 



(3.4) 



Combining this with inequality (13.31) . for any r sufficiently close to 1 we have 

p{I{ip T )) < E k {<p T ) < C{cu,cp ). 

Hence I(ft) is uniformly bounded from above for t E [0, 1). Thus, \(pt\c° an d all higher or- 
der estimates are uniformly bounded for any t E [0, 1) and the solution ip t (t E [0,1)) can be 
extended to t — 1 smoothly. This concludes that M admits a Kahler-Ricci soliton. 

□ 



4 Proof of Theorem 1.2 



Suppose F is bounded from below on J\4x{u)- Then by (12.71) E is bounded from below and 
so is E k on J\4^(uj) by Lemma l2~4l for any k E {1, 2, ■ • • , n}. Thus, it suffices to prove the 
following 

Lemma 4.1. If E k is bounded from below on Jvl^(u) for any k E {1, 2, ■ ■ • ,n}, then F is 
bounded from below on M.{u). 

Proof. For any ip E A4x(<^), we set oo s = u + s^f—lddip, and let (p s j be the solution of the 
equation 

(us + V^ldd<p) n = e^-^M-^n (4.1) 

where h s satisfies 

Ric(u s ) -u,= y/^lddhs, I e hs u n s = V, (4.2) 

and 9 S is defined by 

e 8 = e x + x(8^), [ e e °u n s =v. 

JM 



Since E k is bounded from below, from the proof of Lemma [3TT1 the solution (p a t of (14.11 ) exists 
for any t G [0, 1) and each s G [0,1]. Now we have the following 

Claim 4.2. For any s G [0, 1] we have 

-oo< lim F u ((fs t) < 0. (4.3) 
t-»i- 

Proof. By the proof of Lemma I3T1 for any t G [0, 1) we have 

E k , Us ((Ps,t) < -C(n, fc)(l - t)4(v? s , t ) + C(w a ) - 1) / (/«,(¥>«,,-) - Ju s {Vs,r))dT. 

JO 

By the assumption that is bounded from below, we have 

c(n, fc)(l - t)/ u (^,t) + (A; + 1) / {I u ,(<P8,t) ~ J u .(<Ps,r))dT < C(cu s ). (4.4) 



Note that I U3 (<p s ,t) ~ ^L(Vs,t) 1S increasing with respect to r, we have 

If 1 - 

< I u .{<Pa,t) ~ Ju>.(<Pa,t) < J Vu-VP'r) - J ^Ws,r))dT. 

and 

Hm (1 - t)(I u .{tp,, t ) - J u ,{<P.,t)) = 0. (4.5) 

By Proposition 3.1 in , there exists two constants c\ = Ci(X, oS) and c 2 = c 2 (X, u) such 
that for any t G [|, 1) 

Combining this with (14.51) (12.21) . for any s G [0, 1] we have 

Km(l-t)||^ it || C o = 0. (4.6) 

Note that 



we infer that 



e h a -bp a , t jn. = / e fl.(v.,t) a; n = / e e s ^n = K 
M JM JM 



Combining this with (14.61) , for any s G [0, 1] we have 

lim / e h '-' p '< t u? = lim. / e h ' _t *''' t ■ e^ -1 ^'-*^ = 1/, (4.7) 



t->4 

and we can infer that 



lim ^.(^.t) = lim (j u .(<P:t) ~ 77 I <fis,te 9s ujf) 

-*X t-*X \ V JM ' 

= -f (L a (<P.,T)-J Ua (<P.,T))dT<0, (4.8) 
Jo 
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where we used (14.41 ) and the fact that (cf. Proposition 1.1 in 0) 

If i rt 

Ju,.(<P.,t) ~ y J Vste 63 ^ = ~- 

Thus, the claim is proved. 



□ 



Claim 4.3. For any s £ [0, 1], we have 

lim KX^st) = lim F u ,(<p 0it ). 

i— s-l- t^l~ 

In other words, the limit lim^i- F u)s (<p s ,t) 25 independent of s. 
Proof. By (14.21) we have 



v. 



log - sip + hu, + c s 



where c s is a constant given by 



Jiu—sii+Cs^n _ y 



M 



Thus, (14.11) can be written as 

Let <p Stt = stp + cp s>t - c s , we have 

(uj + \/-idd(p Sjt y = e" 
Taking derivative with respect to s, we have 



V™ _ e h LJ -9x(<Ps,t)-t<fis,t-(l--t)(sip-c a ) l ^ ! n 



(AM + ^ = _^_ (1 _ t)W _£ 



Direct calculation shows that 



os\ V J M 



1 



\ — t f , , dc 
ds 



tv 



where we used (14.1 II) . Note that for any s G [0, 1] we have 



lim 

t-+i- 



t->i- 



ghu.-^.t^n = Hm / e h.-<P., tu n = y 



M 



(4.9) 



(4.10) 



(4.11) 



(4.12) 



(4.13) 



where we used (14771) and (|4~9l . Combining (14.121) with (14.131) . for any s £ [0, 1] we have 



lim 

t-»i- 



lim 

*— s-l- 

lim 



o dr\ 



drf (V - ^)<t 



The claim is proved. 



□ 
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By Claim |4~2~1 we have 



and by Claim 03] 



MmJi^Kt) - F U M) = Km F u .(u. it ) < 0. 



FM = F U M > lim F u (u ltt ) = lim F u (uj 0>t ). 

t-*l- i— s-l- 



Thus, F is uniformly bounded from below on «M X (^0- 

Now we prove the equality (11.11) . Suppose that one of the energy functionals E k and F is 
bounded from below on M.x,k{w), by Lemma [2741 and the inequality (12.71) we have 

inf £*,<>') > (fc+1) inf ^(^O + C WiXife 

> (k+1) inf p u {u>') + C UtXtk -£±± f u e fl *u/\(4.14) 

u/g.m a -(u;) V J M 

On the other hand, for the solution <p t (t G [0, 1)) of (13.11) the inequality (13.41) implies that 



fc-1 

h-i,u>(<Pt) < C Ui x,k- 



Combining this with the definition of Ek and the equality (13.21) (14.81) we have 

inf E ku {u') < lim E ku ((p t ) < (k + 1) lim E u(<pt) + C u>x ,k 
u'eMx^fw) t-+i- t-»i- 

1 



(fc + 1) lim F w (^) + C w ^, fc - ^ / « e 9 V 



= (k + 1) inf F w (w')+C w ,x,fc-^ / Uoe^a/ 1 , (4.15) 
where (ft(t E [0, 1)) is the solution of (13.11) and we have used 

£ OA ,(^o) + (/ - JUvo) = ~h I u oe 9x u n 

V JM 

since (p is a solution of (13.11 ) when t — 0. Combining ( 14. 141 ) ( 14. 151) , we have 

inf £ fciW (w') = (A; + l) inf p u (u/) + C UiX>k - [ u e 9x u n . 

The theorem is proved. □ 
Following the ideas of the previous proof, we can finish Theorem [T73l 
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Proof of Theorem 1731 For any tp E M. x(uj), we consider the solution <p at of the equation (14. II ). 
Suppose that F is bounded from below for the solution ip 0>t , then tp 0jt exists for all £ £ [0,1) and 

lim F u {ip u ) = - J w ) (v?o,T)dr > -oo. 

For simplicity, we set 

Then by (14.121) for any s £ [0, 1] we have 

m„,) - m») = - [ y / m (* - ^)<a, (4.i6, 

which implies that 

is uniformly bounded from below for any t £ [|, 1) and s £ [0, 1]. Thus, the solution c^ s t exists 
for all t E [0, 1) when s E [0, 1] and 

lim F°> s , t ) = lim F^ ,t) ~ *S(*V0 > -oo. 
t->i- t->i- 

On the other hand, we have 

(1 - *)(t> s ,t) - JcJw)) < / (t> s ,t) - J^s,t))dt < - lim F°> S)t ) 
and thus we have 

lim. (1 - t)\<p Stt \ c o = 0. 

We can argue as (14.71) to derive 

lim / e h '- v '*u? = V. (4.17) 

Thus, by the definition of F and ( 14.171 ) we have 

- oo < lkn F u ,(<p 8)t ) = lim F° s (ip Sjt ) < 0, 

and 

F u (ip) = F u (ui) > lim F u (u lit ) = lim F u (u ot ), 
t-*i- t->i- 

where we used (14.161 ) in the last equality. This shows that F is bounded from below in the Kahler 
class 2vrci(M). 

Suppose that Ek is bounded from below for ip t , we can see from the proof of Lemma [3TT1 
that F is also bounded from below along ip t . Thus, F is bounded from below in the Kahler class 
2irci(M) and by Theorem II .21 E h is bounded from below on Ai^(u>). The theorem is proved. 

□ 
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5 The holomorphic invariant 

Recall that Tian-Zhu defined the holomorphic invariant by 

Fx(Y)= f Y(h g -6 x (g))e e ^u^ Ye V (M), 

J M 

which generalized the Futaki invariant. Here r](M) denotes the space of holomorphic vector 
fields on M. Let {$(£)}| 4 | <00 be the one-parameter subgroup of automorphisms induced by 
Re(Y), and ip(x, t) be the Kahler potential satisfying 

Ulp = <$>*uj = lo + V-Lddp. (5.1) 

Differentiating (15.11) . we have 



flip 
~dt 

On the other hand, we have Lya;^ = yf—lddGyfy)- Thus, 



L Rei Y)UJ v = \T-ldd—. (5.2) 



^ = Re(&y(<p)) + c (5.3) 
for some constant c. Recall that u satisfies 

v^lddu = —Ric(u v ) + uo^ + y/^ldd9x(<p)- 
Taking the interior product on both sides, we have 

Y(u) = A9 Y (v) + M¥>) + Y6 x (<p). 
By the definition of u, we have 

where we used the fact that Y9 x (ip) = X9 Y ((p). Following a direct calculation, we have the 
lemma: 

Lemma 5.1. Let {$(t)}| t | <00 be the one-parameter subgroup of automorphisms induced by 
Re(Y), we have 

±Eo(<p) = frxOO, (5-5) 

where tp is given by &Ilo = u + y—lddip. 

The main result in this section is 

Theorem 5.2. Let {<&{t)}\ t \ <oa be the one-parameter subgroup of automorphisms induced by 
Re(Y), we have 

d ~ , N (k + l)n 
where ip is given by = uj + \/—ldd<p. 
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Proof. By the definition of E k and Lemma I5T1 it suffices to check that for any k — 0, 



n 



Direct calculation shows that 

1 (1 f r 

~VJtJ M v ' 



jGM = 0. 



-ldu A du A {V-Ldduf- 1 A e w > ] u n ~ k 



(5.6) 



\-Re [ 2V^ldYuAduA(V^lddu) k - 1 Ae 
V Jm 



--ife 

-v Re 

-l-Re 



(k- l)V^18u A du A (y^lddu) k - 2 A V^TddYu A e dx ^uj n ~ k 

>M 



(ip) n-k 



X6 Y (ip)V^Tdu A du A (V^Tddu) k - 1 A e 9x{lp) u 
(n - k)\f^ldu A du A {v^Tddu)^ 1 A e 6 ^^- 1 A 



= Re(h +I2 + I3 + h), 

where Jj(l < i < 4) denote the integrations on the right hand side respectively. On the other 
hand, we have 







i f iyidu A (V^lddu) k Ae dx{Lp) uo n ^ k 
V Jm ^ 



V Sm 



Yu(V^lddu) k A e ex{lp) u"- k 

\- [ k v ^lduAdYuA(V^lddu) k - 1 Ae exM u r ;- k 

— I (n- k)V^ldu A d~9 Y {<p) A (\^lddu) k A e° xM u 
V Jm 



e x{v), ,n-k-l 



J1 + J2 + Js- 



Note that 



■h 



1 

V j 



^ldYu A du A (V^Tddu) k ~ 1 A e" x 



fe-l A P e xi<P),,,n-k 
V 



and 

■h 



~ I YuV^ld9 x (cp) AduAi^dduf- 1 Ae 6x{ip) u^- k 
V Jm 

Jla + Jib 



"l^" 1 A JxW) fjn-k-l 



^ / -{n - k)du AduA V^ldd9 Y (ip) A (V^ldduf' 1 A e 
V Jm 



+- I ~(n - k)d6 x (<p) A dd Y (ip) A du A du A {^ddu) k ~ l A ^x^^n-k-i 
V Jm 

J?,a + J?,b- 
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Now we calculate 

vSm 

vSm 
1 



% Y (de x (f) A V^ldu A du A (V^lddu) k - 1 A e dx{ ^uj n ~ k 



+ 



Yu V^Td6 x (v) A du A {V^lddu) k - 1 A e Bx{lfi) uj n ~ k 



M 



+ — (k - l)d9 x ((p) A V^ldu A du A {sf^dduf- 2 A ^IdYu A e^^u^ 



M 



V 

+i / (n - k)d6 x {v) A v 73 !^ A du A {yf^lddu) k ~ l A ^n-k-x A V /ZT«96V(^) 
= K\ + K 2 + K 3 + K A . 
Note that 

^3 



- / (k - l)V^ldu A dYu A (V^lddu)"- 1 A e bl|,) u ? 



^3a + K 3b . 



-ldu AduA 



k ~ 1 A e ex ^uj n ~ k 
Tddu) k ' 2 A ^ddYu A e ex{ ^u n - k 



Combining these equalities, we have the following relations: 

h — 2Ji a , I2 = Ksb> h — Ki, I4 = J 3a 

and 



Thus, we have 



J xh + K 2 = 0, J 3b + K 4 = 0, J 2 + K 3a = J la . 
434 



i=l 



i=l 



The theorem is proved. 



□ 
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